Taxis are increasingly becoming a prominent mobility mode in many major cities due to their accessibility and convenience. The growing number of taxi trips and the increasing contribution of taxis to traffic congestion are cause for concern when vacant taxis are not distributed optimally within the city and are unable to find unserved passengers effectively. A way of improving taxi operations is to deploy a taxi dispatch system that matches the vacant taxis and waiting passengers while considering the search friction dynamics. This paper presents a network-scale taxi dispatch model that takes into account the interrelated impact of normal traffic flows and taxi dynamics while optimizing for an effective dispatching system. The proposed model builds on the concept of the macroscopic fundamental diagram (MFD) to represent the dynamic evolution of traffic conditions. The model considers multiple taxi service firms operating in a heterogeneously congested city, where the city is assumed to be partitioned into multiple regions each represented with a welldefined MFD. A model predictive control approach is devised to control the taxi dispatch system. The results show that lack of the taxi dispatching system leads to severe accumulation of unserved taxi passengers and vacant taxis in different regions whereas the dispatch system improves the taxi service performance and reduces traffic congestion by regulating the network towards the undersaturated condition. The proposed framework demonstrates sound potential management schemes for emerging mobility solutions such as fleet of automated vehicles and demand-responsive transit services.
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Introduction and motivation
Taxi service is a prominent mode of transportation in many major cities by providing a tailor-made and complimentary mobility solution to the public transport system. Despite their popularity, taxis contribute substantially to congestion as they tend to circulate in search of passengers in heavy-demand central business districts. The search process is initiated every time a taxi drops off a passenger and becomes vacant. The vacant taxi then cruises to find unserved passengers either in the same zone (where the former passenger was dropped off) or by driving to another zone. The heavy presence of vacant taxi movements is especially overwhelming because it impedes normal traffic and can lead to higher vehicle distance traveled in cities where taxis make up a significant ratio of the traffic mix. (Huo et al., 2012) . In New York City, for instance, taxis make up 10% of the transportation mode share with approximately 450,000 taxi trips per day (Taxi and Limousine taxi trip completion rate in region i at time t M n ii ðtÞ normal traffic trip completion rate in region i at time t w ij rate of dispatching taxis from region i to region j at time t v i ðtÞ average speed in region i at time t taxi markets (Yang et al., 2002) , stochastic taxi passenger demand (Zhang and Ukkusuri, 2016) , taxi mode choice (Wong et al., 2008) , taxi e-hailing (He and Shen, 2015; Wang et al., 2016) , local taxi movements in a cell-based network , demand-responsive services (Amirgholy and Gonzales, 2016) , and analyzing the friction in the taxipassenger meeting process (Yang and Yang, 2011; Yang et al., 2014; Wang et al., 2016; Zha et al., 2016) . A common ground among these studies is the equilibrium assumption in the vacant taxi movement decisions. Under equilibrium conditions, each vacant taxi travels to the closest and most profitable zone to search for customers. Consequently, at equilibrium, no vacant taxi can unilaterally change its destination, i.e. the next search zone, for a lower cost. From these studies, only a few consider the interrelated effects of taxis and normal traffic: Wong et al. (2001) developed a bi-level model which characterizes the simultaneous movements of vacant and occupied taxis as well as normal traffic flows, Wong et al. (2008) incorporated mode choice (between taking a taxi or a personal vehicle) in a traffic equilibrium model with taxi flows, and Yang et al. (2014) proposed a bilateral taxi-passenger meeting model while considering the congestion externalities of normal traffic and taxi flows. These studies and taxi equilibrium models in particular, however, fall short in representing the dynamic features of traffic congestion, do not capture the spatiotemporal accumulation of vacant taxis and passengers, and require intensive calibration and estimation of origin-destination trip matrices to derive an equilibrium pattern of link travel times. Moreover, the models of taxi equilibrium pose severe empirical limitations in realistic application as they employ link travel cost functions which cannot specify accurately the inter-day traffic dynamics (Tsekeris and Geroliminis, 2013) .
With the recent proliferation of taxi hailing apps, such as Uber-taxi and Didi KuaiDi-taxi, optimization of taxi dispatching plays an important role to efficiently match unserved passengers with vacant taxis (Nie, 2017) . Many of the studies on optimal taxi dispatching address the problem as either a variant of the vehicle routing problem (VRP) (Ghiani et al., 2003; Wong and Bell, 2006; Pillac et al., 2013; Hosni et al., 2014; Jung et al., 2016) or the bipartite graph matching problem (Agatz et al., 2012; Zhan et al., 2015; Nourinejad and Roorda, 2016) . Under the VRP formulation, each taxi is assigned to sequentially pick up a number of passengers and under the bipartite graph formulation, each taxi is matched with the closest passenger in its vicinity. Both modeling frameworks can easily take into account the impact of traffic conditions (in terms of travel times) on the optimal taxi dispatch plan. However, neither of the two frameworks capture the impact of taxis on normal traffic flows which can be detrimental in major cities with a high taxi mode share. As an example, Lee et al. (2004) , Seow et al. (2010) , and Zhan et al. (2015) consider the impact of normal traffic on taxis by proposing a taxi dispatching system that uses real-time traffic conditions to match vacant taxis with the nearest (in terms of travel time) waiting passengers. Although these studies consider the impact of normal traffic flow on taxi dispatching, the reverse relationship (i.e., impact of taxis on normal traffic flow) is disregarded. Incorporating the effects of normal traffic flows on taxi dispatch models is a non-trivial task because it requires a modeling framework that captures the complex dynamics of traffic flow propagation and can be applied on largescale networks.
The recent developments on urban network traffic flow modeling show promising outcomes to replicate the dynamics of traffic congestion and propagation in large-scale networks Geroliminis and Daganzo, 2008) . The proposed modeling builds on the Macroscopic (Network) Fundamental Diagram (MFD) approach that provides a relationship between network-wide aggregated traffic states. The MFD captures the collective traffic flow dynamics of an urban region and relates the urban region outflow (production) to the accumulation (density) of vehicles while a homogeneous traffic state is prevalent (Buisson and Ladier, 2009; Geroliminis and Sun, 2011b; Saberi et al., 2014; Laval and Castrillón, 2015) .
The analytically tractable nature of the MFD has lead to several studies in traffic modeling and management applications including route guidance management Knoop et al., 2012) , traffic control in large-scale urban networks Keyvan-Ekbatani et al., 2012 Haddad et al., 2013 Haddad et al., , 2017 , parking management (Zheng and Geroliminis, 2016) , and traffic management of multi-modal networks (Zheng and Geroliminis, 2013; Geroliminis et al., 2014) . Furthermore, several studies have investigated methods of estimating the MFD state (Gayah and Dixit, 2013; Leclercq et al., 2014; Ambühl and Menendez, 2016) , the properties of a well-defined MFD (Geroliminis and Sun, 2011a,b) , effect of routing on MFD dynamics (Leclercq and Geroliminis, 2013; Yildirimoglu et al., 2015) , and properties of congestion heterogeneity (Daganzo et al., 2011; Ji and Geroliminis, 2012; Mahmassani et al., 2013; Ramezani et al., 2015) .
Using the MFD as the basis of large-scale urban traffic modeling, this paper aims at developing a dynamic bimodal (cars and taxis) traffic modeling and control strategy, i.e. taxi dispatching, to improve urban mobility and mitigate congestion in cities. The proposed model incorporates two aggregate models, (i) a taxi-passenger meeting function that considers network conditions (i.e. network average speed) and (ii) MFD-based traffic dynamics of personal vehicles and taxis. The taxipassenger meeting function models the interactions between the vacant taxis and unserved passengers without explicit consideration of (vacant taxi) trip length, while the personal vehicles and occupied and dispatched taxi dynamics are modeled based on MFD and given average trip lengths. In numerical experiments, we demonstrate that ignoring the effect of network average speed on the taxi-passenger meeting function leads to significant performance reduction in the dispatch control system. Furthermore, the model is general to capture the dynamics of multiple taxi firms operating in the same city. This study quantifies the benefits (such as reducing passenger waiting time and increasing taxi fleet utilization) of equipping one taxi firm with a taxi dispatch system. Moreover, we present several taxi dispatch strategies and assess the impact of each strategy on the taxi passengers waiting time and traffic flows of occupied and vacant taxis and normal vehicles.
The taxi dispatch scheme is developed based on the Model Predictive Control (MPC) approach that tackles the optimal taxi dispatch control problem. It was shown that the MPC approach is robust to traffic state (e.g. number of taxis, personal cars, and passengers) measurement error Haddad et al., 2013) and modeling mismatches in large-scale traffic control problems. The robustness of MPC approach is a direct consequence of a feedback loop within the MPC framework that, at every control decision step, prevents the accumulation of errors over time. The performance of the developed MPC dispatch system, with state measurement error, shows convincing evidence of the applicability of this approach in realistic case studies.
The remainder of the paper is organized as follows. Section 2 presents the taxi-passenger boarding function modeling and estimation followed by the incorporation of taxis and personal cars with MFD modeling. Section 3 elaborates the control procedure of the large-scale taxi dispatching system. Section 4 introduces the proposed taxis dispatching strategies. The results are discussed in Section 5. Conclusions and future works are drawn in Section 6.
Methodology
The modeling of the proposed bimodal traffic dynamics are based on two aggregate models, (i) a network-wide taxipassenger search and boarding model that incorporates the prevailing network traffic states (Section 2.1) and (ii) a largescale MFD-based traffic model that integrates the both modes, i.e. the normal vehicles and taxis (Section 2.3). The model considers an urban network that is heterogeneously congested, while assuming a partitioning procedure is applied on the network that results in a set of homogeneously congested regions, where the dynamics of normal traffic and taxis within each region are represented by a well-defined MFD. Furthermore, the model considers multiple taxi firms that might have different operational characteristics such as fleet size or fleet management scheme. For the sake of brevity, we introduce the R-region, 1 taxi firm model. The general case of R-region, F-taxi firm is introduced and elaborated in Appendix A.
Modeling taxi-passenger boarding
The majority of studies on taxi modeling have focused on the effects of taxi availability on customer waiting time and the resulting market equilibrium. Recently, however, more emphasis is directed towards the bilateral passenger-taxi searching and the emergent meeting (boarding) relationship. To model the meeting process of vacant taxis and unserved passengers, some studies have employed the concept of bilateral meeting functions (Yang et al., 2010 (Yang et al., , 2014 Yang and Yang, 2011) . Meeting functions present the rate that two groups of agents (e.g. passengers and taxis) meet each other as a function of the group size of the two agents and other network characteristics such as average network speed.
The meeting function models the matching dynamics between agents that need to spend resources (e.g. moving in the network searching) to be matched with each other. For taxi services, a meeting function was first introduced by Schroeter (1983) . Later, Lagos (2000) developed a theoretical model of the meeting frictions and dynamics that results in an aggregate meeting function. The searching and meeting phenomenon of taxis and passengers in urban networks exhibits frictions that is a state when both vacant taxis and unserved passengers are in the system. (Note that in single point systems, e.g. taxi stands in airports, and assuming zero taxi loading time, the queue of taxis and waiting passengers cannot coexist.) The bilateral searching and meeting phenomenon between agents has been studied in economics to model implications and outcomes of labor markets (Mortensen and Pissarides, 1994; Petrongolo and Pissarides, 2001) .
The already investigated taxi-passenger meeting functions assume fixed travel speed. For a dynamic taxi dispatch system, however, the urban network speed is dynamically changing based on the level of traffic congestion captured with MFD modeling. Hence, it is important to understand how the meeting function relates to speed and other features of the network.
The meeting (boarding) rate function B is defined as: 
To employ the meeting function in the MFD based taxi dispatch model, the boarding rate b ij ðtÞ 1 of passengers that are traveling from region i to region jat time t is estimated as:
where c v i ðtÞ is the density of vacant taxis in region i; p i ðtÞ is the density of unserved passengers in region i; p ij ðtÞ is the density of unserved passengers who wish to travel from i to j, and v i ðtÞ is the region i speed at time t estimated from the MFD. The ratio p ij ðtÞ=p i ðtÞ in Eq. (5) is the probability that a randomly selected unserved passenger in region i travels to region j at time t. This is consistent with the assumption that traffic congestion and demand of taxi trips are homogeneous in the regions.
Estimation of the boarding function
We now investigate the properties of the meeting (boarding) function using a simulation model. The purpose of the simulation model is to assess the impact of the vacant taxi density c v , unserved passenger density p, and the network average velocity v on the meeting function. The simulation model is set up as follows. Consider a Manhattan grid network with a common link speed v [m/s] which is an input of the model (in our study there are 121 nodes and 200 bi-directional links).
Note that as the area of the region is constant and fixed, the density of taxis is directly proportional to the number of taxis in the region. In the network, there are c v vacant taxis that cruise around in search of p unserved passengers. The simulation model is a discrete-event simulation where the taxi cruising behavior is assumed such that when a taxi reaches an intersection, it randomly chooses to enter one of the three adjacent links, i.e. the taxi either turns left or right or proceeds to drive through at the intersection. This is a valid assumption on the search pattern of taxis when passengers are homogeneously distributed in the network. Each vacant taxi continues to cruise until it finds a passenger. When a vacant taxi meets a passenger, they are matched and eliminated from the simulation. After each taxi-passenger meeting, a new vacant taxi and a new passenger are randomly generated in the network such that the number of vacant taxis and passengers remains constant throughout the simulation. The simulation lasts for a period of time to smooth the effect of transient conditions. The agents in the discrete-event simulation are (moving) vacant taxis and (not-moving) unserved passengers while the locations of taxis (on which link they are) are tracked. Hence this is a microscopic simulation, though the detailed driving behavior and dynamics of taxis are not modeled.
With 
where A is a constant and c 1 ; c 2 , and c 3 are the time-invariant meeting function elasticities. The simulated and estimated meeting rates are presented in Fig. 1 for three cases of low, medium, and high network average velocity. As is evident in Fig. 1 , the meeting rate increases non-linearly with respect to c v and p. The estimated elasticities in the Cobb-Douglas function are all statistically significant and the model has a goodness-of-fit with adjusted-R 2 ¼ 0:82.
The current research on the taxi-passenger meeting function commonly assumes that the network average speed v is constant and hence disregards the impact of the network average speed on the meeting function. While this assumption is justified for the existing static equilibrium models where velocity is constant (Yang and Yang, 2011; Yang et al., 2014) , the assumption loses its validity in dynamic systems where v is continually changing with respect to the number of vehicles in the network. Thus, it is important to have an explicit representation of v in the meeting function as is done in Eq. (6).
To assess the effect of disregarding the network average speed in the meeting function, we fit the simulated meeting rates to a second Cobb-Douglas type meeting function of the form BðtÞ ¼ Ac v ðtÞ c 1 pðtÞ c 2 where A is a constant and c 1 and c 2 are the meeting function elasticities. This newly estimated model has a lower goodness-of-fit with adjusted-R 2 ¼ 0:51 which demonstrates the importance of including the network average speed in the meeting function in dynamic traffic modeling where traffic congestion changes over time. Furthermore in the results Section, we investigate and compare the performance of a dispatch strategy that does not consider the effect of the network average speed on the meeting function. The presented simulation model assumes that each vacant taxi cruises randomly until it finds a passenger. This assumption does not accurately represent cases where passengers and vacant taxis are matched through a communication channel such as a taxi hailing mobile application. To assess whether the bilateral meeting model can also capture this type of matching behavior, we develop a simulation model that assumes a ratio of the passengers and vacant taxis are equipped and have access to a matching device. Each equipped vacant taxi is automatically matched with the closest (in terms of distance) equipped passenger. Once matched, the taxi travels the shortest route to reach the location of the passenger. We calculate the meeting rate as a function of the number of passengers and taxis and we use the Cobb-Douglas function to estimate the two elasticities (c 1 and c 2 as shown in Eq. (6)). We find that the bilateral meeting function accurately captures, with a high goodness-of-fit ratio, the boarding process with equipped taxis and passengers. The estimated elasticities show that returnsto-scale (i.e., c 1 þ c 2 ) increases with respect to the taxi hailing application penetration ratio. Future research can further reveal the effect of technological advancements on the meeting function properties.
Model formulation: integration of MFD within taxi dispatching
Consider an urban network that is partitioned into a set of homogeneous regions denoted by R as shown in Fig. 2 . The fleet of taxis in every region i is divided into occupied, vacant, and dispatched taxis. The occupied taxis are assumed to move one passenger from her/his origin to her/his destination. Consequently, the occupied taxi movement pattern is similar to personal vehicles. On the contrary, the movement pattern of vacant taxis is a search cruising behavior with no explicit destination. That is, each vacant taxi is assumed to search in the same region until it finds an unserved passenger. This assumption is valid when the regions are large enough so that it is economically unjustified for vacant taxis to voluntarily travel to another region unless they are dispatched. The dispatched taxis are the vacant taxis that the dispatching system advises to move to other regions. Although the dispatched taxis do not carry any passenger, they can (i) reduce traffic congestion in case of 
where M o ii ðtÞ is the rate of occupied taxi trip completion and M n ii ðtÞ is the rate of personal vehicle trip completion within region i at time t. There is no internal trip completion rate for dispatched taxis because by definition the dispatched taxis are traveling from their current region to a neighbor region to avoid excessive search cruising for unserved passengers.
The evolution of occupied taxis based on their destination (i.e. internal or external) over time is formulated as:
In Eq. (14) and (15), the first terms of the RHS denote the meeting rate of vacant taxis and unserved passengers, which indicate the change rate of vacant taxis to occupied taxis (i.e. b ij ðtÞ is the rate that vacant taxis board passengers and become occupied, hence the positive sign in (14) and (15), and accordingly, the negative sign in (20). Moreover, b ij ðtÞ indicates the rate that unserved waiting passengers board taxis, hence the negative sign in (18) and (19).) Conservation of the number of personal vehicles is ensured via the following equations:
where q n ij ðtÞ is the exogenous demand of personal vehicles traveling from region i to region j ðj 2 U i Þ at time t.
The evolution of the taxi passenger demand (unserved passengers) is tracked through the following equations: dp ii ðtÞ dt ¼ q c ii ðtÞ À b ii ðtÞ 8i 2 R ð18Þ dp ij ðtÞ dt ¼ q c ij ðtÞ À b ij ðtÞ 8i 2 R; j 2 U i ð19Þ where q c ij ðtÞ is the exogenous passenger taxi demand from region i to region j ðj 2 U i Þ at time t. We assume that the travel demand for personal vehicles and taxis are inputs of the model without any explicit elasticity on the network conditions. This can be relaxed by integrating a demand model that considers the network performance on the demand split between the two modes. This is a future research direction.
The conservation of the number of vacant taxis is ensured via the following equation:
where w ij ðtÞ is the rate of dispatching taxis from region i to region j at time t. The dispatching rate, i.e. w ij ðtÞ, is the control variable in the model that represents the rate that a part of vacant taxis in region i are dispatched to travel to region j to search for unserved passengers. Thus, w ij ðtÞ is the change rate of vacant taxis to dispatched taxis, which is demonstrated as a negative term in Eq. (20) and a positive term in Eq. (21). In addition, it is assumed that the vacant taxis remain in their region and there is no systematic change of regions in the search behavior of vacant taxis, unless they are dispatched to another region. To account for the vacant taxis that voluntarily change their search region, we introduce measurement noise that captures fluctuations in number of vacant taxis. Finally, the dynamics of dispatched taxis are modeled as: (20). Thus, we expect that once the dispatch system determines w ij ðtÞ > 0; c d ij ðtÞ exhibits a sharp raise followed by a smooth decay that is the direct outcome of MFD dynamics.
Model predictive control for taxis dispatching
The aim of the taxi dispatch system is to regulate taxi dispatch rates (i.e., w ij ðtÞ) to minimize the total network delay that is defined as the integral of the weighted accumulations of personal vehicles, taxis (occupied, vacant, and dispatched), and passengers with respect to time:
where t f ½s is the final time and t 2 ½t 0 ; t f is the control time. The first term of the objective function is the total travel time of normal traffic, the second term is the total travel time of occupied taxis that is a proxy of the taxi fleet utilization factor, the third term of the objective function is the total travel time of vacant taxis that is a proxy of taxi search time, the fourth term in the objective function is the total travel time of dispatched taxis, and the last term denotes the total waiting time of all passengers. The weights (a 1 to a 5 ) in the objective function J regulate the trade off between the rank of the five components. For instance, a taxi dispatch system devised by a taxi company, targeting for a higher taxi service quality, stipulates a high a 5 and a low a 1 , whereas a city operator devising a holistic taxi dispatching system uses a more balanced weighting scheme. In the numerical case studies presented in Section 5, we consider different combination of the weights to scrutinize the effect of weights on the system performance. The taxi dispatching control problem is solved by the model predictive control (MPC) approach. The MPC approach is suitable for performing tractable optimization which can be implemented for real-time applications. The MPC framework effectively handles different levels of error in traffic demand and noise in traffic state measurements . In addition, MPC is efficient to address constraints on states and control variables. Specifically, the MPC solution, w ij ðtÞ, should satisfy the following: 0 6 n ii ðtÞ; n ij ðtÞ; p ii ðtÞ; p ij ðtÞ; c 
0 6 w ij ðtÞ 8i 2 R; j 2 U i ; t 2 ½t 0 ; t f ð25Þ where constraints (23) ensure that the personal vehicles, taxis, and passengers accumulations remain positive, constraints (24) set an upper-bound on each region total vehicle accumulations (i.e., n jam i for region i), and constraints (25) ensure nonnegativity of taxi dispatch rates. In addition, it is straightforward to set an upper bound on the taxi dispatch rates if there is a policy in this regard enforced by the taxi firms.
The MPC framework is developed based on the receding horizon feature (or rolling time horizon). At each time step, the MPC optimizes the objective function J over a finite prediction horizon of N p time steps to derive a sequence of optimal control inputs. Afterwards, only the first time duration of the control input is applied to the system and the procedure is carried out again with a shifted horizon, see Fig. 3 . Note that the prediction horizon is shorter than the total control process time such that the control time t 2 ½t 0 ; t f is covered by several overlapping prediction time horizons. Furthermore, to regulate the optimization computation resources, one can introduce a control horizon of N c time steps such that within each optimization procedure only the first N c time steps are optimized and the rest of the control inputs remain constant.
The proposed MPC framework in Fig. 3 includes a taxi and personal travel demand prediction module that is the input to the prediction model. In this study, we add a white noise to the actual travel demands to replicate prediction error of travel demands. The feedback loop from the plant to the prediction model provides an estimation of traffic states. To account for traffic state estimation errors, we assume an additive white noise to the traffic states. The taxi dispatch controller consists of the prediction model, i.e. Eqs. (5)- (21) and an optimization tool that minimizes (22) subject to (23)- (25). The optimization output is the taxi dispatch rate between the regions, i.e. w ij ðtÞ, which is applied to the plant for one interval. The main systematic difference between the plant and the optimization model is modeling errors that comprise errors in MFD and bilateral search function parameters.
The selection of the prediction horizon N p and the control horizon N c affects the performance of the MPC taxi dispatch controller. The prediction horizon should be long enough so the model accurately predicts the complex dynamics of the system traffic states. Thus, a longer prediction horizon improves the performances of the MPC controller but increases the optimization computation time that may create difficulties for real-time field implementation. Similar consideration is valid for the control horizon in regard to the trade off between computation complexity and controller performance. Fig. 4 depicts the results of tuning the MPC framework parameters N p and N c where the relative improvements of the objective function corresponding to the MPC controller compared with the no dispatch policy over a range of N p and N c are shown. Fig. 4 illustrates that the controller improvement is less sensitive to the control horizon N c , where N c P 2 yields similar results, whereas N c ¼ 1 results in a low MPC performance. Note that, for prediction horizon N p 6 22, the MPC controller does Fig. 3 . Proposed MPC framework for taxi dispatching. The Demand prediction module provides a prediction of demand during the prediction horizon to the controller. The Traffic state estimation module provides the current state measurements to the controller. Both parts include prediction errors and estimation noise. not perform better than the no dispatch policy. Accordingly, we choose the MPC parameters as N p ¼ 40 and N c ¼ 4 for the case study examples while the control step duration is set to 60 [s].
Taxi dispatch control strategies
Choosing a taxi dispatch control strategy depends on the objective of the dispatcher entity. As an example, a privately run taxi firm may dispatch its taxi fleet to improve the level-of-service by decreasing the average passenger waiting time and increasing the taxi fleet utilization, whereas a publicly run transport provider may consider the network-wide congestion effects of taxi dispatching as well. In this section, we introduce five taxi dispatch control strategies to investigate the properties of the proposed modeling and control framework. The strategies are designed to demonstrate the benefits of taxi dispatching using the MPC framework. The first controller, called the ''no dispatch" strategy, assumes lack of any form of taxi dispatching. Analysis and comparison of this strategy to other strategies demonstrates the benefits of implementing a taxi dispatch system. The second strategy is the ''MPC controller" which is designed to minimize the total travel time of all vehicles (i.e., taxis and normal vehicles) and the total waiting time of passengers. The MPC controller is established by setting all the weights of the objective function (22) equal to one, i.e., a 1 ¼ a 2 ¼ a 3 ¼ a 4 ¼ a 5 ¼ 1. The third controller is the ''MPC without velocity modeling". This controller allows us to assess the importance of including the network average velocity in the boarding function which was highlighted in Section 2.1. The only difference between the second and third controllers is the modeling of the boarding function in the prediction model, i.e. Eq. (6) in ''MPC without velocity modeling" does not consider v.
The fourth controller is the ''MPC for passenger" that is developed to prioritize the minimization of waiting time of passengers. This controller is designed by setting all the weights of the objective function (22) equal to one (i.e., a 1 ¼ a 2 ¼ a 3 ¼ a 4 ¼ 1) except the final weight assigned to the passenger waiting time (i.e., a 5 ¼ 10). This weighting scheme prioritizes passenger waiting time over the other factors of the objective function. In practice, this controller is of interest in case of adverse weather where it is critical to minimize passenger waiting time instead of minimizing network travel time or the passenger travel time inside taxis. The final controller represents a myopic dispatch strategy where taxis are dispatched at each time step according to number of vacant taxis and passengers in each region at that time step. The myopic strategy does not take into account the impact of the current dispatch decision on the future states of the network. The main goal of the ''Myopic dispatch" controller is to balance the ratio of demand (unserved passengers) to supply (vacant taxis) at every time step in each region to increase the meeting rate of unserved passengers and vacant taxis. (2008)), boarding rate functions with similar c 1 ; c 2 ; c 3 , and average trip lengths l n i and l o i . The control time step is set to 60 ½s, i.e. the dispatch rates are optimized every 60 ½s and remain fixed during the control time step interval.
The evolution of the personal vehicles, taxi passengers, occupied taxis, and vacant taxis is depicted in Fig. 5 where the left and right columns (of Fig. 5 ) demonstrate respectively the case of no taxi dispatching and the case of taxi dispatching with the MPC controller. For the no-dispatching case, it is evident that there exists a significant taxi passenger demand in region 1 peaking at time t ¼ 3200, see Fig. 5(c) , while the vacant taxis are predominantly searching in region 2, see Fig. 5(g) . The inherent imbalance between the vacant taxis and taxis passengers necessitates the need of a taxi dispatch system. With taxi dispatching, vacant taxis are dispatched from region 2 to region 1 at time t ¼ 1680 to serve the taxi passenger demand in region 1. Under this dispatch policy, Fig. 5(f) shows an increase in the number of occupied taxi trips in region 1 and Fig. 5(h) shows a decline in the the number of vacant taxis in region 2 at time t ¼ 1680. Hence, the taxi passengers are effectively matched with the vacant taxis that would otherwise be searching in region 2 instead of region 1.
The effectiveness of taxis dispatching is also evident in extra personal vehicle accumulation in the no-dispatching case (Fig. 5(a) ) compared to the dispatching case (Fig. 5(b) ) with the latter demonstrating lower traffic congestion especially in region 1. The improved traffic conditions are a result of lowering vacant taxis flows with systematic dispatching. Furthermore, at the end of the rush hour, at time t ¼ 3600, there are a large number of taxi passengers that have not yet found a taxi to board, see Fig. 5(c) , and there are a large number of vacant taxis, see Fig. 5(g) . With dispatching, however, Fig. 5 (d) shows that there are no remaining taxi passengers at time t ¼ 3600 and Fig. 5(h) shows that there are significantly less vacant taxis over the time with dispatching control method compared to the no dispatching case. Thus, the dispatch system while providing a more efficient taxi service also reduces the objective function of the model (i.e. the network total travel and waiting times) by 9% by pushing the network towards the undersaturated condition.
The rate of dispatching and the number of dispatched taxis in each region are illustrated in Fig. 6 . The rate of dispatching taxis from region 2 to region 1 peaks at time 1680 to serve the accumulated taxi passenger demand in region 1, see Fig. 6(a) . Consequently the number of taxis dispatched from region 2 to region 1 increases at time 1680 as well, see Fig. 6(b) .
The MFDs of the no-dispatching and the dispatching cases are illustrated in Fig. 7 . Under the no-dispatching case, Fig. 7 (a) shows that the network is predominantly in the congested state because vacant taxis are not optimally distributed. Under the dispatching case, on the other hand, Fig. 7 (b) depicts a higher tendency that the network is in the undersaturated condition.
The five controller strategies introduced in Section 4 are applied on the case study and the results are presented in Table 1 where the columns represent the average waiting time of passengers and the average travel time of taxis and personal vehicles. Table 1 shows that the MPC controller has the lowest total travel and passenger waiting time because of its property of predicting future states of congestion. The myopic dispatch strategy, on the other hand, has the highest total travel time and passenger waiting time because the decisions of this controller are made based on the instantaneous state of the network without any consideration of future states. The myopic controller performs even worse than the no-dispatch policy because the imprudent dispatching of taxis in the myopic controller leads to traffic congestion. This can be seen in Table 1 where the myopic dispatch strategy results in the highest dispatched taxi travel time, indicating an unnecessary dispatching because of the myopic nature of the controller. In addition, myopic dispatching has a severe congestion effect of 28% on normal traffic travel time as is evident in Table 1 . Table 1 also demonstrates that the MPC-without-velocity-modeling performs worse than the MPC because the bilateral meeting function is not accurately estimated when network velocity is disregarded. It is specifically crucial to consider the network average speed in taxi dispatching design when the traffic state is at a critical state where a few additional (taxis) vehicles shift the traffic state from the uncongested regime (the increasing part of MFD) to the congested regime (the decreasing part of MFD). Furthermore, the MPC-without-velocity has a high passenger waiting time and a high taxi dispatch time. This shows that the taxis are not optimally dispatched to the zones where they are needed.
Finally, Table 1 shows that the MPC-for-passengers controller substantially lowers passenger waiting time by 20% compared to the no-dispatch policy while MPC reduces passenger waiting time by 7%. This is expected as ''MPC for passengers" control strategy prioritizes the minimization of passenger waiting time by increasing its corresponding weight in the objective function. This setting of weights has a minor effect of 0.4% increase on the normal traffic travel time compared to the nodispatch policy. Accordingly, as the two-region network is more congested, the occupied taxi travel time increases by 8% since they have to spend more time in the urban network. However, the overall passenger waiting time and vehicles and taxis travel times is 0.3% lower than the no-dispatch strategy which is a network-level improvement. This result indicates that minimizing passenger waiting time is a practical dispatching strategy in cases of adverse weather conditions where it is critical that taxis provide an acceptable level-of-service to passengers.
Two-region city with two taxi firms case study
Consider the same two-region case study with two taxi firms: taxi firm 1 and taxi firm 2. Taxi firm 1 is equipped with the means to dispatch its taxis whereas taxi firm 2 does not benefit from dispatching. Each of the two firms start off with 500 taxis in each of the two regions, i.e. there are 2000 taxis in the network in total.
The results of the multi-firm case are presented in Fig. 8 where Fig. 8(a) and (b) show respectively the number of vacant taxis for taxi firm 1 and taxi firm 2. Taxi firm 1 has far fewer vacant taxis in both regions because it is able to dispatch its vacant taxis to the region with more unserved passengers. The Number of waiting passengers is presented in Fig. 8(c) where it is shown that the majority of passengers are accumulated in region 1. To serve the passengers in region 1, taxi firm 1 starts to dispatch its taxis from region 2 to region 1 at time t ¼ 880 as shown in Fig. 8(d) . The vacant taxis of taxi firm 2, on the other hand, are predominantly located in region 2 (see Fig. 8(b) ) where there are very few unserved passengers. Hence, taxi firm 1, due to its taxi dispatch system, is able to make more efficient use of its fleet compared to taxi firm 2. A future research direction is to further investigate the effect of taxi market control (e.g. dispatching) in multi-firm situations where a dynamic game governs the system. 
Summary and future research
This paper has introduced a parsimonious, dynamic, and network-scale taxi dispatch scheme in cities that considers the effect of traffic congestion on the overall performance of the system. The traffic modeling is based on the macroscopic network fundamental diagram (MFD), which incorporates the joint dynamics of personal vehicles and taxis. The vacant taxi dynamics are modeled as an aggregated two-agent search process with search friction that is a function of the density of the two agents, i.e. unserved passengers and vacant taxis, and the prevailing urban network condition, i.e. network average speed provided by MFD. The urban network is assumed to be partitioned to several homogeneous regions with well-defined MFDs while the taxi dispatch rate between the regions are optimized to achieve a network wide objective function. The proposed traffic flow modeling considers multiple regions and taxi firms. A model predictive control (MPC) approach is developed to find the optimal taxi dispatching rates. Numerical experiments reveal the properties of the MPC taxi dispatch scheme and demonstrate the proposed taxi dispatching system offers significant improvements on the performance of the urban system in terms of total delay of personal vehicles, waiting time of passengers, and taxi fleet utilization.
A future research direction is to integrate the taxi dispatching system with the perimeter traffic flow control strategy Ramezani et al., 2015) , which replicates a quasi-system optimum traffic management strategy in case the city traffic operator is in charge of the taxi system. This is challenging because the mobility market dynamics and design, e.g. fare policy and entry regulations, and the interaction between multiple taxi agencies need further investigations. Scrutinizing the proposed taxi dispatch modeling and control in detail through microscopic traffic simulation can also shed light on the applicability and implications of the method. Another challenging research direction is to study the effect of recent technological advances in taxi e-hailing, booking, and ride-sharing on the modeling and dynamics of the taxi system. Furthermore, analysis of the effect of taxi dispatching on the heterogeneity of traffic congestion is an important issue to be addressed in future works. 
